ACTION OF A MOVING LOAD ON A NONLINEARLY COMPRESSED PLASTIC STRIP
WITH A DEFORMABLE BASE

K. Atabaev, N. Mamadaliev, and N. Turaev UDC 539.1

The two-dimensional problem of the action of a moving load on a nonlinearly-compressible
plastic strip lying in a half-space of linearly elastic or plastic material is considered.
Rocks and protective liners of various underground structures may be considered as the base
of the strip, in particular a layer of soft ground.

It is noted that the problem of action of a moving load on a linearly compressible
plastic strip with a rigid base was examined in [1, 2]. 1In contrast to [1, 2] in this work
the wave process in a layered material is studied taking account of nonlinear loading of
the strip material and the stress—strained state of the base, the effect of inelastic prop-
erties of the materials on the distribution of kinematic parameters and stresses in them
is studied, and the shape of the front surface of the wave reflected from an elastic rocky
base is determined.

1. Let over the upper boundary of a strip of thickness h move a steadily decreasing
normal load with constant velocity D exceeding the velocity of loading—unloading deformation
propagation for the medium and the base. The medium filling strip is modelled by a generalized
"plastic gas" [3, 4] and under load the connection between pressure p and volumetric deforma-
tion € is taken in the form p = a;e + a,e? (dp/de > 0, d?p/de? > 0). The angle of slope
of the unloading branch E for the p ~ € diagram exceeds the slope of the loading branch,
and the loading profile does not change as the wave propagates.

If the material of the base of the strip is linearly elastic and the medium is dense,
i.e., pg < ppa (po and pp, are density of the strip and base materials), then the compression
wave with a curvilinear surface propagating in the strip £ (Fig. 1) with £ = x + Dt 2 g,,

n =y = h after reaction with the base generates in it elastic longitudinal and transverse
waves and also a reflected shock wave from the surface I, in the strip ahead of which with
considerable velocity ¢, = V Elp, aweak distortional elastic wave radiates as a characteristic
of the negative direction. As a result of wave propagation and reaction with the strip boundaries
disturbed areas 1-4, and I, II (Fig. 1) arise respectively. Solution of the problem for
regions 1 and 2 by an inverse method in the case when the prescribed shape of the front
surface I has the form n(g) = (R; — R,&/2)¢ (R,, R, are prescribed constant values) has

been obtained previously in [2]. Given below is an analytical solution of the contact
problem for regions 3, and I, IT.
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Sclution of the problem in region 3 in relation to velocity potential ¢3(£, n), as
in [2], is expressed by a d'Alembert equation

‘cps(a, 1) = f(& — pn) + Fo(& + w), (1)

us(g, n) = 3¢95/88, v3(&, n) = 8¢4/3n are horizontal and vertical ground velocity components
in region 3.

In elastic regions I and ITI of a rocky half-space for potentials of displacements @ and
P according to [5] with D > g,

D, M) = Fo(E — pm), $(E 1) = Fu(E — pan), (1.2)

where F3(0) = F,(0) = 05 uy? = (D/2g)? — 15 u,? = (D/bg)? — 15 ay2 = (A + 2G)/ppas X and

G are Lamé coefficients for the base material. In order to find unknown functions f (z),
£,(z), Fy(z) and F,(z) the problem in regions 3, I, and II has the following boundary condi-
tions: at the reflected wave front

L ] *®
P; (are—- U;n) = P; (are—' U;n); P; (”'re‘— v;n) (V:n —_ U;n) = Pa — D3> (1.3)
2 . .
V;-r = U;n are = D sinB(E), P; = “13; + “23; ’ 3; =1 PO/P;, i=23

at the contact of the two media with n = h, £, £ & <&

sp | 9 o,
Ogn = 0,0nq = — P (&, M) D (0§6n+a§¢)=6_1-|3" (1.4)
where
; a0 3y, acb 40 U, v, U
U=T9§ a’ V=g + g B g B = gy B = T (1.5)
v ] *D a2y
1+E§5=EEE+SWQ7 Unn=7“(a§z+ )+2G(az+a§an)

I ) T _
G§n=G(2-‘-—3Ean+b—§?—a—n§ y Un == ag Slnﬂ

—Z——;’;cosﬁ; v,=—§gcosﬁ+g—nsinﬁ.
In Egs. (1.3)-(1.5) there is additional use of the following notations: U and V are horizon-
tal and vertical components of elastic medium displacement; Onn and Ogn are components of
elastic stresses; v, and v are normal and tangential components of mass velocity for the
strip material in relation to front Z,; B(£) is angle of slope for the reflected wave front
with axis 05 (B, ~ B(0)), which is subject to determination in the course of solving the
problem; a,, is reflected wave front propagation velocity; parameters relating to front

¥, are marked with an asterisk.

Assuming in the first approximation B(£) = B,, the third equation of (1.3) withn ~ h —
tan 8, (£ — £,) is written in the form

(B 202) _ g, (22— o). (1.6)

If it is considered that aye » v,* and p,* ® p,, then the first and second equations of
(1.3) are written as

— peD(09,/0E — 0¢,/08) = p3*—ps*; (1.7)
[ 8cp2 a(ps) * a(Ps * aq)z]
(-— — |t ——¢,
an o an an
tgPE) = 7 (1.8)
P, 99, 99, 9, |
[P -D-(F-F) -+
In addition, in region 3
ps(&, M) = pg* + E(e;—e,*) = —poD g, /L. (1.9)
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It is noted that tanB, is determined from conditions (1.3) and (1.4) taking account of the
ratio in the fronts of elastic longitudinal and transverse waves with £ = 5, n=h (see
Fig. 1). By using (1.1) and (1.2), from (1.4) and (1.6) we obtain’

f;(Z)—-— A(?\, G)f4(z+2]~lh) (1.10)
Fy@) = ”((”ZM)) stz + o (wy — W] — £z + B (uy + w;
Fi(s)=— m{fa [z + (o — @] — falz + (g + w; (1.11)
142 — MAQ, G)f Mz + K,) = Fl2), (1.12)
where
Ky = pl(t — Ak + (1 4+ Ay) tg Bk 15
A, G z—p(k—1tgBgE,) (1.13)
F(z)= (1+p,tg[3){ [ (1+utg[30) v (4 tg Poke) —
z—p(h —tg Bits) z—p(h —tg BiE,) _ z—p(h—tg ﬂoga)]
- t’g ﬁo—(T'_W] - tg ﬁovz [ (1 + utg Bu) ] (h + tg ﬁoga) tg 60 (1 + m tg Bo) }1
40,6 = [t — s L+ 0 (= 0+ 2 (= 1) +
+ 2 [}l + r(ﬁ?)‘[ P ) (=) + 2 (1) + 20 |

By solving functional Eq. (1.12) by the method of successive approximation it is possi-
ble to find a recurrent equation

’ Q n4n n A’?—l
@)= F@) + X MA (%G)F[ oz+K°F}. (1.14)

n=}

It is noted that from Eq. (1.14) with A > =, G > », i.,e., with A(A, G) = 1, results in [2]
are obtained.

The study showed that series (1.14) with A, < 1 and A(A, G) < 1 converges (in carrying
out calculations it is easy to establish the radius of its convergence). Thus, from (1.1)
and (1.2) taking account of (1.10), (1.11) and (1.14) the velocity field uz(g, n) =
awa/ag, vy(E, n) = 3¢gs/dn is determined for a nonlinearly compressible material in region
3 and the elastic base in regions I and II. Equations (1.7) and (1.8) make it possible
to determine p,* and tanB(£). By using (1.9) and (1.5) we find the pressure field in the
strip and stress components in the half-space, in particular at the contact line between
the strip and the deforming base. Consequently, the problem in regions 3, I, and II is
entirely resolved.

2. 1In the case when the base of the strip consists of a more compliant plastic materi-
al modelled by an ideal inelastic medium, i.e., with p, < p, (p is density of the base
‘material) the reflected shock wave considered in part g degenerates into a strong separation
elastic wave and its front I, conforms with the front of the reflected elastic wave AB,
and disturbed region 2 disappears (see Fig. 1). The structure of waves in a plastic half-.
space depends on physicomathematical characteristics and deformation laws for its materials.

We assume that deformation of the material of the base of the strip occurs by a Prandtl
scheme with Young's moduli E; and E, (E; > E,). Then after reaction of an oblique compres-
sion wave I with the boundary of the plastic base at first an elastic wave a, = /Ellpp,
and then a plastic wave ap = vE,/og »/pp with angles of slope y, and y will propagate, and for
the base the wave picture presenteg in Fig. 1 is qualitatively retained. As was said previ-
ously, in this case solution of the problem in region I in [2]. In order to solve the
problem in regions 3 and II we use equations [2, 4]
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6§2 61]2 cp (2.1)
2%y 6 WII 2 (D)2
Voa—gz— (?1] =0, v Vg = (a—o) — 1. (2.2)
Equations (2.1) and (2.2) permit solutions in the form
93(8, M) = Dy(5 — pn) + Dy(E + pn), (2.3)

Pr(E, M) = Dy(§ — vgn) + Dy(E + von).

In order to find unknown functions ¢; (i = 1, 4) the problem in question has the following
boundary conditions:

vy — vy) = wug —u,) for 1 =h — (§ —E,)Mp; (2.4)
Pa(ga ’f]) = pll(gv 7])1 L’2(§, Tl) = (2.5)
=vy(E, ) for N =h, E, < E < &S
tg Pwu—v;) = —(uu—u;) for M =k + tg y(§ — &) (2.6)

(ap = D siny, h is strip thickness). Considering that p;(g, n) = —p,Dus(&, n), prr(g, n) =
—ppDuII(g, n), we substitute (2.3) in (2.4)-(2.6). Then after some transformations we obtain

a functional equation

D,'(2) + 2,0,/ (Az + K,) = G(z), (2.7)
where
: (tg yvr + 1) A 1 .
60 =Gt @), — s (N il () el

M=y (h— 187N + (1 + v 8D Ea
- P !

P (2) =

A Ja—v, (R —tgVE)] — (1 — v, tg V) E, — 21k
() = Mo )= ) ’

_ (=t -(v_o_ee)/(xg &r})
M T+, tey)’ m=\r s, u+po’
Ap = Mym; by = v,[(h + tg vE;) — Mk — tg vE,) L
As in [2], Eq. (2.7) is solved by the method of successive approximations. Then

cp4(z)—G(z)+Z(— [x“ +K1(& ))] (2.8)

Since A, < 1, it is possible to demonstrate convergence of series (2.8) which is confirmed
by numerical calculations.

Thus, in order to determine velocity and pressure components in regions 3 and II of a
layered plastic medium we have

us (8, m) = %‘ (1 (Nas Ho) =1 (ar XM + (_"%’%{—%}—/F’_ { (€ + wm) +

(g 04 3 (= 0 6L o) B KL (0101}
- % (61 (ar Xa) — U1 (g Aa)/ 1M
B \ 2 vo/®
v (E, M) = — %5 [t (%us %) — V1 (%o %)M + m {G [+ wm) +
+ (vo— Wh] + El(— A" G IAT(E 4+ pn + (vo — W h) +

+ K, (A —1)/(hy— 1) ]}* %ﬂ [w(xa> %a) — Vsl Xz %a)/ 1]y Po(E, M)=—PoDuis(E,);
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) = m{G 1 — vy + 2v9b1 + 3} (— )" G [ € — von + 20) +

+ K (M= 1)/( — 1)]} + G ey [ 0 v — w4
+ G &+ v+ B (— b GIAT(E + van) + K (0] — 1)/(8 — )],

v (g, ) = —mp {G [ — von) + 2voh] + 712——:1 (—M)"G [7‘? (E —von + 2voh) +
+ Ky (0 — 1)/ — 1)]} ~ (—/}r%;,;,;—) [ (93, v2) = 03 (v, V3)/a] +

LY (2.9)
+p {G €+ vom+ 2 (— 2" GIAIE + vo) + Ky (A — 1)/ — 1)]],

Di1 (E7 T!) =—0 .DuII (Ev n)v

where E— ) + 1 (B + B 1) (b4 Ey /1) — E— m)/p
= 2 y K2 = 3 ’
E4pn) —p(h—§, /1) (b 4Eof1) — -+ b — 2ph)/p
s = 2 Y 9 )
E— o) + vk +E, (§ = Vo) + Voh — B (2h+E/M)
Vi= 9 y Vo = — o .

Furthermore, parameters of the plastic compliant base of the strip in region I (see Fig. 1)
with fulfillment of the condition py7(£, n) = og (og is a prescribed constant value) are
determined as:

uy = —04/p. D, vy = 0./, D tg vy, & = 0/E; (tg v, = A/%).
b %

In this analytical study the problem of reaction of a moving load on a two-layer plastic
half-space is assumed to be complete. However, it is emphasized that this procedure makes
it possible to study shock-wave processes in a layered half-space of different structure
and in the case of a shock wave in the material of the plastic base of the strip.

3. On the basis of the equations obtained above calculations were carried out on a
computer for parameters of movement and pressure, including stresses, for a two-layer materi-
al consisting of a layer of soft ground of various construction [2, 4] and a deformable
base. Marble and epoxy foam were taken as the base materials. In order to calculate their
parameters the following data and relationships were used [2]:

WE) = (tg @y — (B/2)F)E, W' (E) = dn/dE > 0;
0o = 200 kg-sec?/m* o = 12.127.10% kg/cm?, (3.1)
o, = 58.73-103 kg/cm?,
E =14.10° xg/em? h =15m, b = 0.86-1073(1/m),
Pa = 1(0) = 300 ka/cm?;
p,,= 260 kg-secym® ; ag = 4000 m/sec b, = 2200 m/sec; (3.2)
po = 200 kg-sec’/n*, @, = 18-10? kg/en? , o, = 82.10° kg/cm?, (3.3)
E = 18-10° xg/em?, h =3.5m, b = R, = 0.2301-10"% (1/m),
Po = 100 kg/em?, D = 3114 m/sec, tg o, = R, = 0.1433;
pp =20 kg-sec?/m*, E; = 250 kg/ca® , E, = 150 ke/cu? (3.4)
o, = 3.0 kg/em? |, tgf = 1/p, pu? = (D¥e,? — 1).
. Some results of calculations in the form of curves for the change in pressure p, verti-
cal v and horizontal u components of velocity of the medium in relation to horizontal coordi-
nate £ taking account of (3.1)-(3.4) are given in Figs. 2-5 where curves 1-3 correspond

to horizontal levels n = 0; 3h/4; in Figs. 4 and 5 h relates to solution of the problem
in part 2 using original data from (3.3) and (3.4) (curve 2 is n = h/2).

It can be seem from Figs. 2-5 that p and v in region 1 with an increase in h decrease
steadily. The reduction in p and v over the vertical coordinate n depends markedly on the
nonlinear properties of the ground and the loading profile. In the ground the wave process
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transformed as follows: ground with different horizontal levels at first under the action
of a compression wave is loaded instantaneously to a certain stress level, and behind the
front of this wave in region 1 with respect to £ there is unloading and pressure falls.
Then in region 2 with reaction of an oblique compression wave with the rocky base of the
strip there is some gradual increase in pressure. In this case at the instant of action
of a reflection of the waves from the contact of the two media a further jumpwise increase
(reduction) of p(v) is obtained followed by fading of their amplitude in region 3 with
respect to £ (Figs. 2 and 3). However, if the base of the strip serves as a plastically
compliant low modulus material (epoxy foam, polystyrene foam, etc.), then as calculations
show the reflected wave (Figs. 4 and 5) becomes an unloading wave and at the fromt of this
wave in contrast to the case of a rocky base there is a jumpwise reduction (increase) in
the value of pressure (vertical component of velocity for the medium). This is due to the
fact that for a layer of soft ground provided with a base of porous or lighter ground the
compression wave propagating in the ground during reaction with interfaces of the media
reflects from it not a shock wave, but an elastic wave with known constant velocity cp,
The front of this wave is a separation surface, and consequently in it with n = h a jump
in pressure arises. A similar picture is observed also with reflection of an elastic or
acoustic ‘wave from a free surface [5]..

By analyzing the curves in Fig. 3 it was detected that pressure p,* (p,*) from the
direction of region 3 (2) along the front reflected from the elastic and more dense ground
of the base depending on & the wave gradually falls (increases) and the vertical (horizontal)
component of velocity for the medium increases (decreases). The curve for p;* (p,*) exhib-
its some lower (increased) amplitude than the corresponding curve from [2] for strips lying
on a rigid base (see Fig. 2, broken lines with circles). Pressure distribution in the re-
flected wave front and in region 3 depends markedly on its profile which exists at the upper
boundary of the strip with the moving load. For example, in the case of b = 0.86+10"% the
reflected wave at instant £ = 22.6 m is extinguished, i.e., pressure p,* becomes equal to
p,* (see Fig. 3, solid lines). If we ignore the deformability of the base, then the dura-
tion of action of the reflected wave on the medium is somewhat prolonged.

By studying curves tanB(g) (Fig. 3) it is noted that with an increase in £ it decreases
slowly, and consequently the reflected wave front becomes curved surface towards axis OF.
In addition, curve tanf(g) taking account of deformability of the base is located beneath
the curve obtained for a wave reflected from the rigid base of the strip (broken line with
circles).

On the whole the study and comparative analysis of calculated results show that in
considering the problem with a rigid or deformable base more dense than the ground the maximum
value of contact pressure behind the reflected wave front exceeds the value of pressure
at the corresponding point of the descending wave by more than a factor of two, and with
presence of a plastic compliant base the level of pressure at the contact line of the media
decreases somewhat, i.e., in the last case the reflected wave is a strong distortional elas-
tic wave, or at its surface there is a jumpwise reduction in the value of pressure.
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AXTSYMMETRICAL CONTACT PROBLEMS FOR PRESTRESSED
DEFORMABLE BODIES

V. M. Aleksandrov and I. V. Vorotyntseva UDC 539.3

Axisymmetrical contact problems are considered for a half-space and a layer of finite
thickness h lying without friction on a deformable base previously stressed by uniform forces
with intensity p applied at infinity. It is assumed that the material of deformable bodies
is described by equations of physical nonlinear elasticity theory. The initial stress—
strained state of the bodies (prestressing regime) is determined as an accurate solution
of these equations. Action of a load on the surface of a layer (half-space) is considered
as a small disturbance of the basic nonlinear stress field caused by prior loading. This
makes it possible to perform linearization of all equations with respect to additional
stresses, strains, and displacements. Contact problems for impression of a rigid stamp
into a physically nonlinear material are posed for the linear equations obtained which are
then reduced to first-order integral equations with a symmetrical irregular kernel with
respect to distribution functions for contact pressures. Solutions of these equations are
built up by means of asymptotic methods. Cases of loss of stability and deformability of
a medium as a result of prestressing are studied. The effect of prestressing regime on
the magnitude of contact pressures is studied.

1. Resolution equations for physically nonlinear (geometrically linear) elasticity
theory for the case of axial symmetry and with the condition of absence of mass forces may
be written as follows [1]:

do, 91, O, — 0y ot,, 90, Tz o (1.1)
Tttt =0 gty =0
Sr:"PUr"i"((p_"p)G’ €p Z‘P%’l‘(q’—‘l’)", (1-2)

g, = {0, + ((P - ‘P)Ua €y =¢Trz1 & = @0, Yy = 21])17,
o = (0, + 0y +0,)/3, &= (g + & + &)/3,

T = ——1;? [(Gr — Ol (0 — 0,)2 + (0 — 02 + 61:32]1/2,
1/2

2 5 o 3
y = V; [(Sr —eg)? + (er — &) + (e — &)* + 5 (Vo + Ve + Véz)] ,
g, = Julor, g, = ufr, ¢, = wloz, )
&, = (1/2)(0uldz + dw/or), u = u(r, 2), w = wlr, 3),
a2er 0252 628,2 og, e —¢

_ o __ 9
az® + a2 T oraz or ro -

Moscow. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 3,
pp. 146-153, May-June, 1990. Original article submitted January 10, 1989.

0021-8944/90/3103-0481$12.50 © 1991 Plenum Publishing Corporation 481



